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Note

Explanatorywording by theranslator in angular parentheses. There are three extended
explanatory notes by the translator identified with alphabetical superscripts.



Robert Luther 1868945

Dresden, ca. 1925 - U. Richter

Robert (Thomas Diedrich) Linér was born in Moscow to German parents on Jan. 2,
1868. His father Alexander was a lawyer. Among his direct ancestors was Hans Luther
(14921558), a cousin of the reformer Martin Luther. From 1885 to 1889 he studied
chemistry at the University of Dorpat Russia. Toward the end of 1889 he was named
assistant to the chemist F. K. Beilstein at the University of St. Petersburg. A serious
illness in 1891 forced him to recuperate during the next two years. In 1894 he resumed
studying chemistry, this time ahé University of Leipzig where he received his PhD
degree in 1885. His primary educator there was Wilhelm Ostwald {(185B). In 1896
Luther was named an assistant to Ostwald at the Phgiemical Institute of the
University of Leipzig. In 1899 Luther ubmitted his habilitation thesis, titled

AEqui l i brium change between halogen compounc
by I'ight, 6 and obtained | ecturer status. [ n
chemical pr oces s e scordodf sixppahtict lecyiresahe lggve on the r e

subject. In these lectures he demonstrated, among many other things, the chemical
reaction kinetics in layers or volumes of substances, a subject that occupied him for the
rest of his life. He also was the-eatto r of the 1902 second edit.i
on experimental methodology in physichemical measurements. In the year 1900 he
was named assistant director of the Ostwald Institute at the University of Leipzig.

As colleagues, Ostwald and Luther weoasiderably different types. Ostwald did
not like to have to lecture but published many papers and books. As a result, Luther was
burdened with much of the Il ecturing actiwvit
work in many fields he rarely wroterteles. In 1904 Luther was named a regular
professor of physical chemistry at the University of Leipzig. Ostwald, wanting to just
manage the Institute, was found to be neglecting his lecturing duties and resigned from
his position in 1906, retreating tashcountry estate in Grossbothen, where he launched



into his color research. In the same year Luther was named director of thefolendy
photochemical department. Inthefallut of Ostwal ddés departure L
a difficult position in Lepzig and in 1908 accepted an appointment at the Photographic
Science Institute of the Technical University of Dresden, organized shortly before with
the support of the local photographic industry (such as Zeiss). Luther remained there until
his change to nefessor emeritus status in 1936, performing significant research in
photographic and general physical chemistry and also concerning himself with the
definition of color stimuli and color stimulus measurement. He was much admired by his
students, among ¢m Manfred Richter who later developed the DIN color order system.
In 19091910 the famous American photographer Imogen Cunningham-{I883 was

a student of Luther, learning the technique of platinum prints. Luther remained in
Dresden where he passedagvon April 17, 1945, the last day of the Allied bombing runs

on that city.

Lutherds interest i n col or phenomena was
related to the chemistry of color photography. He clearly distinguished between what he
consideredd be objective definition of color stimuli and perceptual color phenomena.

Most of his seminal paper fAOn color stimulu
ready for publication in 1923 under the tit!]l
Festschrift for Ostwald in th&eitschrift fur angewandte Chemiklowever, the rabid

inflation of the time prevented publication until 1927, as described in Footnote 4 of the
paper.His only otherbrief (2 pagespublicationon the subject of color, from 49, is

concerned withpracticalapplication of the moment sum curve, developed in the 1927

paper.

Sources of biographical information:
1. M. Richter, Robert Luther, Die Farbe 3:1335 (1955).

2. A. Fischer, Luther, Robert, in: W. Pétsch (ed.) Lexikon besteddr Chemiker,
Frankfurt: Verlag Harry Deutsch, 1989.



Technical Introduction

The article translated here is a rare summary of thoughts on color by Robert Luther. The
content is quite heterogeneous, because it represents an accumulati@s dhadeould

not find earlier publication during a per.i

calamity.

1. General Outline

The article has two main parts. The first part (Sectioi9)1 written with the goal of
much earlier publication, is mainlyebretical. In it we find an introduction to tristimulus
space, the embedding therein of the obgator solid (given a preefined illuminant
spectrum), and the@ptimal colorson the exterior surface of the objectlor solid
(comprising reflectances that all visible wavelengths have values of either O or 1 with

at most two transitions between them). Some of the optimal colors, eallecblors are

those with only one transition. (Visualizing the optiroalor surface as a clamshell, the
end colors a& where the two halves of the shell join.) Other optimal colors, chlled
colors comprise the curve on the objedior solid that would just touch the minimum
cylinder that contains that solid and is parallel to the achromatic axis. (If the-obiect

solid were a key and the cylinder were a lock, the full colors would be the points on the
key that brush the inside of the | ock.)
emerge most immediately from the theoretical work of Wilhelm Ostveald, also owe
some debt to works such as those of Erwin Schrédinger and Hermann Helmholtz. But
Luther offers some new contributions as well. For example, he was probably the first to
draw the shape of the objemlor solid, and did so in several coordaat/stems.

The second part (Sections-28) is a smorgasbord of material with a more practical
flavor. In Section 20 we find a design of a template colorimeter and a discussion of filter
colorimeters. Section 21 discusses a shugler sensor whose spedlt sensitivity is
compensated to the human Iluminosity sensitivity onedimensional form of a
tristimulus colorimeter or colorimetrically correct camera. Section 22 explains and
endorses heterochromatic flicker photometry. Then Section 23 descrilerga dotr a
trichromatic camera. Finally, Sections 24 and 25 wax philosophical about subjective
versus objective colors: Luther saw subjective colors as illusions or perturbations on
Ar eal 0 p h-yqitea eohtrast with maresmodern views.

NPt 1 Luther adds to Ostwaldés opti mal
the optimal colors in tristimulus space. Perhaps the restriction of that mathematics to
optimalcolor reflectances has limited its familiarity in the cedorence community

Luther is credited, not for his optimeblor constructs, but for a rule for camera
sensitivity functions-that they should be nonsingular linear combinations of human
color-matching functions to make the same color matches we do. A question for

histarians is how this statement is an advance over the earlier statements by James Clerk

Maxwell [2] and Frederic Ives [3].

Al |



To give a flavor for and cast i n modern ternr
topic from Part | and one from Part II: | ettpt to explain in modern terms the parallel

chord theorem of Section 11, and examine Section 23 in its own right and as it bears on
thecameraensi ti vity rule called by some the #ALu

2. An example from Part I: The parallel chord theorem

In Section 11 Luther poses a theortrat relates equalominant wavelength arghrallel

chords ina particular color spac&he English translation says, "The required wavelength
range and the brightness of an optimal color can be read from the portios @frved

double scale located clockwise between the beginning and the end of the chord. A chord
can be deconstructed into its two (vertical) primary moments, the ratio of which,
according to absolute value and sign, indicates the direction and thdéreblyué.
Therefore, chords that, as vectors, are parallel represent optimal colors of the same hue."
In context, it seems clear thay "hue" he means dominant wavelendgtb. me the proof

needs much elaboration, so | offer it here.

The key to understandintpe theorem is through Figure 9, a tdimensional space in
which appears a curve with several chords drawstensibly parallel to each other.
Thanks to conversations with Jan Koenderink of Utrecht, NL, the space, the curves, and
the chords became clea

a. The 2D spaceomprisegdwo tristimulus dimensionsthe exact choice doesn't matter,
but black and white should be at the origin. As a geometric pictorial aid, you can imagine
looking in parallel (not central) projection along the achromatic axai.

b. Thecurve in Fig. 9 represents onetbé two loci (curves) oénd colors Together the
long-end and shoreéndloci form a figure8 shape crossing at the achromatic point: Half
of the 8 comprises the lorand colors p-transition wavelengtiparane t ¢),randahe
other half comprises the sha@md colorsdowntransition wavelengtp ar a mgt er @&

c. One might have expected achordin Fig.8tonnect one jpoopionthe fr om t
figure8 and one podomButLutheouses bghoaeofahe loops (e.g., the
shortendcolorloop) and f yanrddondhatidop [Omeloop maps on the other

(replete with wavelength labels) by a coordinate inverkion.

d. Given the above, here is the theorebet two passand optimal colors have

transitonwa v el en gt h) apan d)s( g veh<eaxaen do< &. Denoting tle

unit step function by u, thé & ») eptimal reflectance as a function of wavelengtis

u@- ay) - u@i ay) , angd jtoptimal efiectance is giveloy u@-- €1) - u@e1 €y).

Integratingines wi t h r espect -weightetl tolemadtching functidngywei nant

get 2vectors denoted by: x( @- X( F-andx( §- x( ®. The various pointg are the

points on the sho#ndcolor curvex( 8 X( 5 X( §, X( 9. The theorem is: If these two

passband colors have the same dominant wavelength, the ve¢tays x( f-andx( #€-

X( --whi ch are the directions of the-achords b
parallel to each other.



e. A proof of the theorem: The dominant wavelength of a tristimulus vexXtes the
wavelengthe- @uch thaiX(a-)p X, andW are coplanar (whené/ is the tristimuls vector

of white). That meansat[X ()3 X, W] = 0. If two tristimulus vector, and Xy have
the samedominant wavelength, then they are coplanar with each other andwwith
det[X., Xm, W] = 0. Now, we have chosen tristimulus coordinate¥/sis nonzero only

in its third component. Therefore the above deteamirequation is equivalent to 0 =
det[x., xm] , wherex,_ andxy are the 2vectors in the dichromatic space. Substituting
X( 9 X( forx_. andx( g- x( # for xu, the zeredeterminant condition implies that the
vectors are linearly dependent, and hence (being in 2D) must be parallel.

To me, the parall el chord theorem shows the
However, because it deals only with optimal colemhich do not exist in naturethe
theorem has not been widely used. It woul d

mathematical insights of more general applicability that have escaped natteation.

3. An example from Part 2: Cameggnsitivity criterion

Section 23, on color photography, contains remarks on the spectral sensitivities of an
ideal camera, and also on filter spectra required for a-aclurate additive synthesis of
three mages from three colaeparated negatives. | will focus here on his criteria for
camerasensitivity functions because they have received a lot of citation and attention.

The roots of Lut {semgitidity fundtors iarg to beofdund dnablestr a
paragraph that ends Section 20 and describes the design of a tristimulus colorimeter:

Al . .. ] it is possible to use undispersed |ight
course necessary that the spectral transmittandeg of the filter, for example for the red
stimulus determination, is in agreement with the following precondilipnE,= R.. 0

Hence, the filtedetector combination ideally has the same sensitivity as a-color
matching function R of the visual system.

In Section 23, the design of the tristimulus colorimeter is transferred with very little
fanfare to the spectral sensitivities of a cdlithful camera. The message is that, to
make the same matches as the eye, the camera must have spectraltissnsitise to
those of the eye.

I n the years that followed Lutherdés article
precise form: In order for a trichromatic camera to match the same colors as the human
observer, the spectral sensitivity functiaofsthat camera must be linear combinations

(and together must comprise a nonsingular linear transformation) of the Julbsenver
color-matching functions. That criterion has variously been called the Makvesl|

criterion [4] and the Luther condition [5] The teBendiiltgumg@d was i ntr
by Manfred Richter [6], a student of Luther.



As brief as Lut he r-s@rsitivity enitesion asnpl wil how make thec a me r a
case that it is an advance over the earlier versions by Maxwell and Ives.

Maxwel |l 6s 1855 ver s-28dof[dappears on pages 283
AThree el ementary effects, according to [Youngd

green, and violet, and would separately convey to the sensorium the sensation of a red, a
green, and a vlet picture; so that by the superposition of these pictures, the actual variegated

world is represented. o0 [ é]

AiThis theory of col our ma y be il lustrated by
photography. Let it be required to ascertain the colors o&ralscape, by means of

i mpressions taken on a preparation equally sen

iLet a plate of red glass be placed before th
now be put in a magic lantern, along with the red glass, aad picture will be thrown on
the screen. o

ifiLet this operation be repeated with a green
landscape, as fas the visible color is concerned, will be thrown on the screen. The only
apparent difference will behat the copy will be more subdued, or less pure in tint, than the

original. Here, however, we have performed the process-t#icg on the screen, and then

on the retina.o

AThis il lustration wil!/ show howreashseemsfoinct i ons
nerves may be imitated by the optical apparatu

Maxwell clearly captured the imitation of colaratching functions by camegsnsitivity

functions, and also recognized thattheopycal o j ect i on part of the ceé
separateand distinct, desaturating the rendered colors. However, he did not separate
mathematically the ligh¢ e nsi ng and projecting functions,
transformati ono i eensitvity friteiohhe mat ur e camer a

| vesds v entgionemergesfby pieheeeal examination of [3]:

p . 1 3 : newi prihdipke,] first stated by me in a communication to this institute on
November 21, 1888, is that of making sets of negatives by the action of light in proportion as
they excite primary @or sensations, and images or prints from such negatives with colors
that represent primary color sensations. 0

pp. 131 4 : fi[ é]onlychaep eelylee iosf t hree primary col or s
Clerk Maxwell, the orange spectrum rays excite i@ sensation more strongly than the
brightest red rays, but also excite the green

representation of the result of careful photometric measurements of the effect of the spectrum
upon these primary sensatians.

p. 15: AThe plates and screens [producing a ph
secure negatives of the spectrum showing intensity curves substantially like the curves in
Maxwel |l 6s diagram. 0



Ives clearly separated the sensing functiothefcamera from the rendering function, and
attributed the imitation of visual sensitivity firmly to the former. The linear
transformation idea was still not on the horizon.

Given these earlier works, itisnotflaret ched t o consi dafuthdtut her 0s
step toward the mature criterion: a mathematical equation, and a precise though brief
discussion of the equation. The lindensformation freedom, however, is still not
acknowledged.

Lest we consider that Luther missed an obvious poins, imstructive to see how later
authors incorporated the linemansformation freedom. That property was clearly
understood by Neugebauer in 1956 [7]. But <co

p. 28: AMaxwell was quite s theamtrbls. de saibtbatit t he 1
three photographs should be made with spectral sensitivities proportional to the three spectral
sensitivities had shown can be attributed to the eye to account for all of the infinite varieties

of spectral distributions that cah o0 o k ali ke (that i s, 6have

I n the next paragr aph: OThirty years | ater, F
and also the singlmi nded persistence required t o carr
demonstrate its validity to a sftical and even hostile audience. But his success has little

influence on the development of modern color photography. Through his son Herbert,

however, it had a significant influence on the modern technology of color measurement that

very effectively suplements spectroscopy (spectrophotometry) in all industries that supply
colored products. o

Al t hough MacAdamés words are accurate, t he
spectral sensitivitieso | eaves unespressed
subtlety that gained significant attention only when computers became commonly

available to exercise the linear transformation freedom.

| found it quite educational to examine in this way the contribution of Maxwell, Ives, and
Luther of the camerariterion that bears various combinations of their names. The
earliest inventors of an idea did not necessarily grasp or express its complete essence.
There may even be a fragment today that we are not using to complete advantage.

4. Conclusions

Thisit roducti on has been a whirlwind tour of

focused micrev i e ws . It cannot be said that I have

given away the ending. Lut herds artntcle is
but terse expression, who has summarized color science as of the third decade ®f the 20

Century in one diverse essay. Enjoy!

Michael H. Brill
Datacolor
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On color stinulus metrics

by R. Luther, Dresden
Zeitschrift fur Technische Physik927, Vol. 8, Nr. 12, 54658

Contents: In the first part, by expanding c
moment 0, new parameter tri adghreedimensicchad vel oped
color solids, particularly useful to represent the chromatic properties of object colors. In

the second part, related to color measurement technology, heterochromatic photometry,

and threecolor photography are discussed.

1. Given timelimitations, | am unable to provide a logically developed, comprehensive
survey buti as already the title of my presentation indicatesly more or less loosely
arranged excerpts from the field of color science. Any such selection is indicative of
persmal preferences and for this reason | would like to briefly describe the foundations
of the present one.

| would like to particularly emphasize that my expositions and reflections have
their source in practical, technical questions of my field of spgcihich lead into the
same questions: theory of color photography; of anaglyphs, of orthochromatics, and its
opposite pole: darkroom illumination, methods of color measurement, and of
heterochromatic photometry. In agreement with the title of my pregemtatill concern
myself almost exclusively with what v. Kries names color stiruin contrast to the
color perceptions that they cause. I wi || i n
basic coloimetty, but also make use of the term heterachatic brightness. | will not
concern myself with the scalled theories of color visiohHelmholtz, Hering, v. Kries. |
will attempt to present preferably unknown or, to my best knowledge, little know
subjects. | will reach back into classical repred@mma of color theory only to the extent
that this is absolutely necessary, all the more because recently several suhuhtiras
theory have been published.

If, according to Ostwald, we term color stimuli that under identical conditions
result in idetical percepts but objectively have different spectral compositions as
Amet amers, 0 we can define classical color t
the generation of metameiiicchromatic as well as achromaticolor stimuli.

2. It is known tlat under certain limiting conditions: cone vision, average auomal
eye, l i mitation to f@Areducédthe totaity ofrhere i n t he
applicable relationships is of threefold diversity. A given color stimulus can therefore be
completdy defined by its properties in terms of three suitably defined independent
parameters.

Once a triad of parameters has been selected it is, of course, possible to derive
from them an arbitrarily large number of new triads that express the same complex of
facts with identical completeness and that are equally suitable for the definition of a color
stimulus.

The first part of my presentation concerns itself, among other things, with some as
yet not employed parameter triddsThe selection, out of a limébs number of
possibilities, has been made less for the purpose of achieving maximal generality but
rather is based on a point of view of practicality. Only systems that are sufficiently
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informative, systems that make it possible to comprehend as manpnsgtds as
possible in the simplest possible manner, those that simplify practical work, andifinally
as much as possiblie demonstrate new connections are to be considered. | will not
mention closely related derivations and generalizations.

3. My bass is the welknown YoungHelmholtzMaxwell, sacalled trichromatic,
system. In that system every color stimulus, arbitrarily composed from spectral stimuli, is
unambiguously defined by the fiamountso of t

selectale, elementary or accordingtov. Krie§s i p r i ma r yHichreizdi mul i [
As all mixed stimuli, in the final analysis, are composed of spectral stimuli the
first step is a fNspectrum standardizationo

Aistandadr dof attihen day bsifgsh tetermiped by Maxwe)l. The
abscissas represent the wavelengths of the standard spectrum, the ordinates the amounts
of theR, G andB of the three selected primary stimuli Red, Green, and Blue, as well as
their sumS= R+ G + B, for identically narrow spectral ranges of always 10 nanometers.

The amounts of the three primary stimuli, together resulting in white, are as usual
of identical magnitude, each equaling 1000 stimulus units. As a result, white composed
from the total spectrum, independent of its absolute brightness, has the stimulus sum of

380
S=  B(/)@/ =3000 stimulus units

700

The identity of the amounts of the three primary stimuli in white is expressed in the areal
idenity of the areas between the three primary functions and the abscissa axis in the top
part of Fig. 1:

380 380 380
R= fR(/)@/ = G= f3(/)@/ =B = (/)G =1000.
700 700 700

In case of an arbitrary mixed stimulus, i. e. a mitaf spectral stimuli such as that of

the emerald $maragdl measured by Exner, as illuminated by daylight reflected into the

eye, the amounts of the three primary stimuli can, as is well known, be easily calculated

from the reflectance spectrum (Fig. 1 tbat). To achieve this, for a sufficiently large

number of wavelengths the ordinate values of the primary stimuli have to be multiplied

with the fractions of the illuminating ligikm(a) r ef |l ect ed at t he same
the size of the resulting area determined, e.g. for the red stimulus.

380

Rsm= FR() Rmy, (/) G/ .

700

4. When many sets of standard stimuli have to be calculated it is possible to simplify the
work, e.g. when detminingRs, by arranging the spectrum on the abscissa axis in such

a way that equal increments of the abscissa correspond to equal increments of the red
stimulus in the daylight spectrumo achieve this, one integrates tRéunction of Fig. 1

12



relatvet o & and i n this way obtains, as shown
spectrum. The same procedure is applied toGhand B functions and, for control
purposes, possibly also to tBéunction.

If in the once and for all determined coordinatstegns the unit of the ordinate is
selected to be the same as that of the reflection spectrum, the ordinates of such a
spectrum can be transformed without recalculation. The resulting amasspond now
to the amounts of the three primary stimuli. Fig@&eshows this procedure for the
reflectance spectrum of the emeraidchematic form.

For the present case the result is that the mixture stimulus caused by the emerald
consists in total of 713 stimulus units, divided into B8nits, 317G units, and 28 B
units.

400 1000 Reiz-
450 Einheiten
Heo A
R i
i / G \! B !
S 1100 . . 50—
Fo0 6oo S00 400 T A
10 T =
| R RefR, 4\
& Smaragd - Remission g ] 700
e : H H ‘” -.A-’ 0
700 600 500 400 700 650 600 550 500 450 400

Fig. 1. (left) Calibration of the daylight spectrum and determination of the three primary stimulus

amounts in the spectrum of a mixed stimulus (reflectance of an emerald).

[ Rei zeinheiten je 10 e¢: st iomueflactancewohant s per 10 r
emerald]

Fig. 2. (right) Separation of the spectrum according to equal increments of the red stimulus.

5. These numbers provide a complete but not easily comprehended picture of the
characteristic appearance of the color of theerahd. Comprehension is improved by
plotting the components of the three primary stimuli of spectral as well as mixed stimuli
such as that of the emerald:

r:B, g:9 and b:E

S S S

as triangular coordates into an equilateral triangle (Fig. 4 top). For the emerald the
values ar@ésm= 0.28;gsm= 0.44;bsn= 0.28.

Pl otting the spectral stimul.i into the ct
center of gravity construct, the following easygrasp significance: Assume that red,
green, and blue weights proportional to the amounts of the corresponding ordinate values

13



of the three spectral primary stimuli of Fig. 1 haatgevery 10 nm interval along the
spectral curve in the chromatic diagram. Thsuit is thathe system supported at the
white or achromatic poirlt [Unbundt i the center of gravity is in balance. The weight
pulling on the balance point is equal to the sum of all individual weights (i. e. the
stimulus sum of white). The weightsedch spectral wavelength can be removed and re
attached at the corresponding corner points without upsetting the balance. The white or
achromatic point corresponds to a state of balance of the chromatic spectral stimuli,
where they compensate each otiéth none of them predominating.

T
05
S -

0 500 500 %00

R
/

§0 500 550 500 450 400

S
4ﬂ/

500 550 500 450
B

won 8 )

Fig. 3.(left) Determination of the amounts of the three primary stimuli in the reflectance
spectrum of the emerald.

Fig. 4.(right)y Locus of the emerald stimulus in the Acol o
stimulus components. Parallel projection of the color diagram.

Every chromatic mixed stimulus has a corresponding center of gravity or balance
point in the color diagram, located between the achromatic point and the spectral curve
(including the straighteannecting | ine fromcerespondn§® nm t o
purple colors).

Another kind of data representation is shown at the bottom of Fig. 4. It is
particularly convenient if the color diagramwhich is valid without distortion of the
Newtonian ceter-of-gravity equilibrium, and of which we will make further use below
is transformed using parallel projectionin the present case into ight triangle (Fig. 4
bottom right).

The location of the mixed stimulus in the color diagram indicates thatué
corresponds to the wavelengthaf = 5%@d, imthe sense of the Newtonian center
of gravity construct, represents the mixed stimuli of the green spectral stirfSgus (0 f &

14



= 500 nm and of the achromatic centé&l).(The relative amounts of spectral and
achromatic stimuli in the totatimulus is obtained from the lever ratios

U-Sm Sm- Sp
and
U-Sp U-S

(see Fig. 4 top).

For the emerald the result is that of the sum total of 713 stimulus units of the complete
stimulus 40% are due tthe achromatic stimulus and the remaining 60% due to the

spectral stimulug« = 500 nm. The | atter component 0.6
saturationo (in stimulus wunits).
By reporting hue, saturati on, and oi nte

Newtonian sense, the totality of the stimulus in stimulus units, wenotht@iGrassmann
Helmholtz parameter triad, thereby resulting in an unambiguous and easy to
comprehend definition of the color stimulftfs.

6 . Unsatisfactory and distracting is the <ce
stimulus units, leftoverérom a particular trichromatic system not otherwise present in

the Grassmanhlelmholtz system. Already early (Grassmann), the need arose to replace

the arbitrarily selected stimulus units as a measure of intensity with an experimental,
independently detenmable unit of measurement: brightness (more correctly: surface
brightness). Her e | do not want to concern
heterochromatic brightness, as wel |l as Schr
rather limit myself tahe experimental data.

In regard to the dependence of specific brightnessfHhe spectral stimuli on
wavelength, al/l met hodol ogi es of heterochron
in his systematic experimentswith one exceptiofi? essentially agreeéh the final
result,if with very different variability. An addional result was that on a practical level,

i.e., within the unavoidable errors of measurement and individual variation, the
brightness values measured in this manner are purely additive.

If one assumes the existence of a brightrtldssneasurable indepdent of hue

and saturation, and with the additive propdtty= ., @/ in stimulus summation, it

follows that brightnes$l of an arbitrarily composed stimulus can be calculated from the
amounts of the reference stimuli contained in ithgs linear formula:
H=RR+AG+aB.
It should be noted here that in case of the usual choice of the three reference
stimuli (red, green, and blue) the factofi the specific brightness of the blue reference
stimulusi is always very small compatéo RandA .

7. What are the resulting changes for the spectral reference functions and the color
diagram?

In case of the spectral reference functions the ordir@tg®ously have to be
multiplied with the corresponding coefficierfs, andd As a esult, the stimulus sum
function S takes on the form of the brightness sum function, i.e., theakked spectral
brightness functioi (Fig. 5 bottom).
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The change in the color diagram can be represented using the following idea that
will later come in landy in another form.

Fig. 5. Schematic representation of the change in the color diagram (top) and the primary
stimulus curves (bottom) when changing from calculation in stimulus units to one in brightness
units. The polar moment curi remains unchaged. The stimulus sum cur@ehanges to the
brightness curvel. The dashed parts of the two upper figures are related according to the ratio of
central perspectives.

[Rz.-Einh.: stimulus units; HeHEinh.: brightness units]

The (Al euc owaaned]ylines drwa lniintervals of 10 nm from the
achromatic point to the spectral curve of the color diagram can, in the sense of a
Newtonian center of gravity construct, be viewed as a system of solidly connected levers,
supported at the achromaticipip at the ends of which hang as weights the stimulus sums
of the individual 16nm spectral intervals.

If the Newtonian center of gravity is not to be disturbed when replacing stimulus
units with brightness units, neither for the spectral stimuli notHe reference stimuli,
this can, seemingly in the simplest way, be achieved as follows: all levers (= leucocentric
lines) without change in direction and corresponding to the new weights attached to them
are also changed in their length in a related reasn that the product of length of lever
and weight, i.e. the leucocentric lever moment, remains unchanged.

Figure 5 schematically shows this change from counting the weights in stimulus
units to counting them in brightness units. The change in the tpectral primary
stimulus curves and the change from the stimulus sum &itwehe spectral brightness
curve H is indicated on the bottoi the corresponding change in the color diagram is
shown on topg? It is obvious that the levers to which the bhienulus is attached, while
not changing in direction, are increasing in length, corresponding with the very small
Aspeci fic weighto of the blue stimulus.

The spectral lever moments remain unchanged in this transition from one color
diagram to the otheand are drawn leucocentrically polar with full lilé (of retort
shape)n both color diagram¥’ However, the stimulus sum cur@shown also in polar
form with a finely dotted line in the upper left diagram, changes to the correspondingly
represented stral brightness curyd®® in the right color diagram’
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The transformation coefficient? , and3 depend on the choice of the primary
stimuli. Depending on the conditions, the always very small coeffiderdn have a
value of zero or even be nega&\y My three primary stimuli have been chosen in a
manner thatt  05° i.e. the infinitely small weight of the blue primary stimulus is
attached to an infinitely long lever: the lever moment does not change its finite value.
Relative to the new brighéss values the characteristic numbers for the emerald
in the Grassmanhlle | mhol t z Aimonochromatico0 system ar e
spectrum of 515 brightness units, saturation = 0.63.

8. Introduction of the moments allows construction of a nead tof parameters that
offers, in addition to ease of comprehension, many advantages.

It is possible to relate the Newtonian center of gravity of a mixed stimulus to two
axes rather than to three points, the loci of the three primary stimuli in thedcdoam.
The two axes are not parallel in the plane of the color diagram and the torques applied by
the individual weights on them can be made the basis of the calcifation.

In agreement with the psychological arrangement of the ihthes secalled bur-
color systeni | place the two axes through the achromatic point in the direction Green
Purple and Blu€Yellow and, to aid comprehension and in agreement with Fig. 6, change
the obliquely angled axes into rigangled ones using parallel projection éssby the
weights remain unchanged). If we now consider each leucocentric moment to be reduced
to its rightangled components, that is into the torques for the two axes-Bteple and
Blue-Yellow we obtain the following relationships.

-~

05

0,0

“RH=P

Fig. 6. Paralleprojective transformation of the equilateral color diagram with tilted moment axes
into a color diagram with rectangular moment axes. Additional transformation into a color
diagram based on brightness units (top right, reduced scale). The specificdzsght the blue
stimulus is equal to 0.
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The torques of all weights that, for example, are applicable on the right side of the
GreenPurple axis correspond in their totality té & two wordsi bluish torque, or the
Abl ueintte s @ s e 0n e exwdssionsd.eOppored dosthis blueness are the
Ayell owi sho torques of t he “Waplegpkid thetatatt i ve o
torque of whichi again after Hering can be termed the dAyell owr
stimulus. If yellowness exceeds bluemdke total moment corresponds to a yellowish
hue, and vice versa. If both are identical, that is the total moment is zero, the result
corresponds to a hue that is neither bluish nor yellowish and can only lie on the Green
Purple line. What is decisive tlse difference: blueness minus yellowness.

The identical idea can be applied to the to Gifearple moments acting on the
Blue-Yellow axis and one can speak, in agreement with Hering, of greeratkssss,
t hat i s, greenness miess yelowisheaddnneore purplish thanr i n g 6 s
the primary red that | also call Red, will be distinguished from the latter by the addition
of [H].

The two moments GreenneBfH]edness and Bluene¥®llowness, together
with the Awei ght 0 cddinatimsldsorimbiightrsess uréts, formar e x pr
new parameter triglwith which a given color stimulus can be defined uniquely and in a
manner that is quite easy to comprehend.

Of course, the two torques add up like vectors and, with the sign and thatamou
of their ratios, show their direction in the color diagram, thereby showing the hue of the
resulting leucocentric color moment in a comprehensible manner. In an analogous
manner one might cal l the result Acol or f ul
moment by the fAweighto of the stimulus the
from which its saturation and the shares and amounts of the three primary stimuli are
immediately available. This method represents the reciprocal conversion tkeytefra
tri-, and monochromatic systems.

9. In case of a composite mixed stimulus, for example an absorption or reflectance
spectrumi such as our emerald spectriinwe can as before (paragraph 3) extract the
two reference moments as well as the tstahulus or the brightness, respectively. To
achieve this, first the amounts of the two reference moments are plotted at 10 nm
intervals as ordinates in the standard spectrum. The resulting curves (Fig. 7) can be
calculated from the corresponding amouafsthe reference stimuli according to the
linear formul&® M = mR + nG + pB.(The area between the abscissa axis and the
R(H)ed moment curve, that is, the sum of all spectral R(H)ed moments is of the same size
but opposite sign compared to the correspagpdirea of the Green moment curve and the
same applies for the areas under the Blue and Yellow moment curves because the two
reference moments of the total achromatic spectrum equal 0.)

When multiplying, for a sufficiently large number of wavelengths,drdinates
of this curve with the reflectance values of the emerald and calcuiatogsidering the
signi the total area, the two total moments of the emerald stimulus are obtained. The
same applies to the stimulus sum cu®and the brightness cur¥ respectively

On making these calculations (see dashed lines in Fig. 7) according to the
parameter values | selected, the following characteristics of the color of the emerald are
obtained: Bluenes¥ellowness = 0; Greennef{H)edness = 79 momentits) weight =
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713 stimulus units (= 0.24 of the total spectrum); brightness = 513 units (= 0.26 of the
total spectrum).
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Fig. 7.(left) Spectrum calibration according to the two primary moments, stimulus sum, and
brightness. Determination of the reldtamagnitudes in the reflectance spectrum of the emerald.
[MomentEi nhei ten je 10 ¢gc¢: moment wunits per 10

~

Fig. 8.(right)y A Opt i mal object colorsd as mixed sti mul
sections. Spectrum calibration according to the two primary moment intdgfatshe

determination of the twormary moment sums of the optimal object colors.

[SpektrumAusschnitt: spectral section, wavelength range; Gilbe: yellowness, Blaue: blueness,
R(H)6te: redness according to Hering, Griine: greenness]

10. A special case of summation of spectral stimulf igasticular interest and results in
a simple and easy to comprehend geometric representation. This applies to spectral
stimuli representing a continuous, unreduced portion of the total normal spectrum.

To be able to view all possible cases we imagirestiectrum as a closed circle
(Fig. 8). Two radii, imaginable as slit constraints, separate depending on their position a
continuous, unreduced portion of the spectrum, of choice width and choice location,
bet ween wajvaenlde fbg tfabt ghat all gectral sectors of this kind have
properties of maximality, empirically found by Ostwald, in the ideal case obtainable from
transmittance or reflectance spectra of pigments with very steep and limited absorption
ranges, was substantiated by Schrodiffger follows: They correspond to stimuli that at
a given level of saturation have the highest brightness or at a given level of brightness the
highest saturation. (In what follows they will be named optimal object color stimuli,
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abbreviated optimal colors.)llfother object color stimuli can be obtained by darkening
the optimal colors.

The two wawaelddaggherhwsth tlee absolute, related to the total
spectrum, or the relati veijforexamhpietndughtiess opt i me
units i offer again a triad of parameters sufficient for the complete description of a color
stimulus® and for the reproduction of that stimulus with a suitable appaiatfes
example the MaxwelDstwald color mixer. Here | would like to provide the datatfe
emer a¥ d5 6 d,=¥4B8 nm,arightness = 0.50 of the optimal color = 0.26 of the
total spectrum.

The geometric represent;iatnidd merhaps totbdhe tri a
call ed the nddi tsmhoteasatb comprehend, thaemthe following
considerations point the way to a representahanhis easy to comprehend.

11. Because moments of the same directionality add up like scalars, one can calculate the

two momentdMVl of a section of the spectruny summing or integratingespectively, the

two spectral momentsl .,f r om t he beginning of the spectr.
first,aodt t h g #ellowad byicélculation of the difference

12 /1

M( o2& fM, Q- fM, Q.

700 700

Figure 8 bottom shows these momemmnm tsams ag I
functions of & in the form of curves. The d
for each of the two curves in the moment of the spectrum section enclosed by the two
abscissa sections beginning at the end of the spectrum.

If we now pld the ordinate values belonging to identical wavelengths of the two
curves into acoordinate system, that in our case is rectangular, we obtain a curve with
gradation in wavelengths as well as in brightness (or stimulus sum) units (Fig. 9). We can
name itthe (spectral) moment sum curve. This curve has easy to comprehend, practically
important properties.

All color stimuli are represented by vectors, the optimal colors by curve chords.

Portions of the chords of optimal colors correspond tooptimal stimuli. They can be

seen as a weakened optimal colors, for example that of the ensenalthe required
wavelength range and the brightness of an optimal color can be read from the portion of
the curved double scale located clockwise between the beginninth@arehd of the
chord.

A chord can be deconstructed into its two (vertical) primary moments, the ratio of
which, according to absolute value and sign, indicates the direction and thereby the hue.
Therefore, chords that, as vectause parallel represewptimal colors of the same hue.

The hue can be read at the locus of the parallel tangent (infinitely narrow wavelength
range), or in the corresponding color diagram (Fig. 9 right).

The chord length the resultant of the two reference moments s t lore i
moment 0 or the Acolorfulnesso of the op
opposite numerically identical color moments. For every optimal @Wr b there are
therefore two complementary optimal colw¥ a,andcY d. Complementary spectral

cCo
ti mal
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colors, that is, optimal colors of infinitely narrow wavelength range, therefore have
parallel tangents of opposite direction.

12. Parallel shifting of a drd can, according to the above, be useful for the convenient
determination of the spectral width i1 n case
is, while maintaining the same hue. In case of a parallel shift of this kind the chord
length, that is,the colorfulness or the color moment, changes from the value zero
(infinitely narrow spectral width) via a maximuiv all the way again to zero (total
spectrum). The maxi mal chord | ength, that I
Ost wa |l d doss, bécaukel whem onbximal values are attained the curve is sectioned
either at two complementary points with parallel tangents or in the corner (see figure).

The chord length, the color moment, or the colorfulness can be made
comprehensible by using tHellowing consideration. If we take the lightness of an
optimal <color to be, in the Newtonian sense

Moment of optimal color/weight of optimal color = length of lever of optimal color in the
color diagram.

Length of lever of optimal color/length of lever of spectral color = saturation, i.e., share
of spectral color in the optimal color.

Wei ght of optimal color A saturation = weig

Therefore:

-

Moment of optimal color4 engt h of | ever of the spect.

spectral color in the optimal color.

The chord length (= moment of the optimal color) is therefore proportional to the
amount of spectral stimulus in the optimal color stimulus. The proportionatityrfahe
lever of the spectral stimulus, naturally depends on hue and the selected amounts and
measurement units. But it is constant for a give hue, that is, for a group of parallel chords
of equal direction.

Ostwal dos full c o lassica colarmetrics, distingaidhesl bys e n s e
containing the maximum amount of spectral stimulus that the most perfect pigments can
have: as a result, also in the sense of cl
cases. O

13. The moment sum curve oigF9 (see also Figs. 10 and 13) contains a few additional
chords that show an example of the application of the spectral moment sum curve when
solving a practical problem. A colorant with the two complementary spectral rabges
andcdis a secalledinvalid gray. The same is true for another colorant with the spectral

a

rangesbc andda, because it also results inmvalidg r ay , one that is fcol

to the first one. Anagl yphs prgmagpogments usi ng
would offer an mteresting kind of image: when viewed with a gray set of glasses, out of a
confusion of gray lines an object would begin to appear in three dimensions. A.*€allier

has produced and demonstrated such complementarygfalgdilters. To a high degree
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they have the annoying property of making the yellow spot entoptically visible. In
addition, their color depends very much on the spectral composition of the light as well as
on the adaptation and the individual properties of the viewing eye. All these sperti
can be used for measuring purposes.
Much more might be said in regard to thi:¢
making use of it, | will limit myself to the construction of three solids particularly
suitable to represent the properties of object solor

Gilbe Bldue ,

R[H}ote e

Fig. 9. Moment sum curves with dual scales in wavelength and brightness units and their

relationship to the color diagram. Vectorially parallel chords correspond to optimal object colors

of the same hue. The portion of the double scale locatedwikxbetween beginning and end of

a chord indicates the open region of the wavel er
moment 6 and proportional to the covmtanbued of spect
with maximal color momentral spectral stimulus and section the curve either at complementary
wavelengths, i. e., at points with parallel but opposite directed tangents, or in the corner.
Representation of two Acomplementaryo iheavalid gr
emerald stimulus as weakened optimal object color.

14. Hgure 10 shows sections through a solid that correspond to four different hues. The
corresponding threeectangularcoordinates of the solid represent hue, saturation, and
brightness. Because ira@h of the shown sections hue is constant they are variable in

regard to saturation and brightness. Saturation is represented by the ordinate, brightness

by the abscissa, counted from the left incline of the (solid) curve toward the right. On the

left theinclining curves represent brightness zero. Optimal colors are located on the right
declining curve. Their brightness is represented by the horizontal distance from the left

Abl acko incline, their saturati oavelehghst he or
of the optimal colors can be read from the intersection points of the horizontal lines (of

equal saturation), projected with vertical lines onto the abscissa axis, and the
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corresponding wavelengths (see curve for Giiglere 490). For this purpesthe abscissa

axis has an equiluminant wavelength scale (see Note 23), the start of which obviously
depends on the hue represented by the section.
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Fig. 10. Four sections through a thdimensional solid valid for object colors, with the
coordinates he, saturation, brightness. The abscissa is scaled by an equiluminous spectrum; the
left inclines correspond to brightness equals 0, the dashed curve section on the right contain the
optimal object colors. Representation of the emerald &imas a darkesd optimal object color

Osm Graphic determination of the amount of spectral stimulus in the emerald stimulus. The

maximal spectral stimulus is contained in optimal object colors. (Section-Bheed90).
Exceptional situation in case of yellow optima]eatt colors.

[Spektr.: spectral stimulus, Unb.: achromatic stimulus, Sattigung: saturation, Schwarz: black,
Helligkeit: brightness, Optimal Farbe: optimal object color stimulus]

The brightness of the spectral portion of an optimal color equals the pafdtec
brightness and saturation. This brightness of the spectral component is represented by the
areas of the rectangles shown in the curve GBfeea 490. For narrow wavelength
ranges the area is small but grows with decreasing saturation and irghe@gitiness
due to the widening of the section. A maxi |
colors. Further widening of the wavelength range results in reduction of the area all the
way to the situation where the section encompasses the completerspgetturation =
0) and the area is equal to zero.

Non-optimal color stimuli (for example that of the emer&d), they can be
considered to be darkened optimal color stimuli, are located on the horizontal line
corresponding to their optimal coldD4{) in the direction of the left (black) incline (see
curve Green 500). Horizontal lines, therefore, are lines of constant saturation and
constant hue, that is, of constant color character, respectively chroma, respectively
stimulus type; they are identicaltwh Ost wal dé6s fAshadow serieso.
stimulus, geometrically as a matter of course, its total brightness has been divided into the
brightness of the spectral (Spektr.) and the achromatic (Unb.) portions.
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From the different shapes of theufocurves one can deduce the changes in
relations in different hues in regard to changes in brightness and saturation. It is evident
that yellow object colors represent a special case. Here the full color, with a brightness of
over 85% of the total spectru i s nearly (a98%) fully satur
where the full color is very dark and has little saturation. It is further evident that if one of
the limiting wavelengths passes through the end of the spectrum the result is a bend in the
ascendingppposite end of the curve (curve GB 490).

e

Fig. 11. Paralleperspective representation of the solid discussed in Fig. 10.
[Farbton: hue]

Figure 11 is a perspectival representation of a series of sections located above two
connecting equiluminous eptral scales.

15. Anot her Afobj ect col or stimulus -solido
Yellowness, Greennesg®(H)edness, and stimulus sum in one case, brightness in the
other, is shown in Figs. 12, 13, and 14. On top of Fig. 12 and in Fihelvertical scale
is in stimulus units; in Fig. 12 bottom and Fig. 13 the vertical scale is in brightness units.
The shape of the solid is reminiscent of a parallelepiped with rounded corners and usually
positively rounded planes. Its center of symmedriginomial.

The null point of the coordinate system
havingzero stimulus or brightness. The achromatic axis, having a color moment of zero
rises from black via gray to white. A color stimulus corresponds to ew@ny pot on the
axis but within the solid. Its stimulus sum, respectively brightness, can be read from its
vertical coordinate, its hue from the ratio, and its color moment from the resultant of the
two horizontal coordinates. Correspondingly, the poiftsighest colorfulness at a given
level of brightness, respectively stimulus samg locatedn the surface of the solid. The
points representing all other object color stimuli are located in its interior.

In the additive mixture of two stimuli their BdtiYellow moments, their Green
R(H)ed moments, and their brightnesses, respectively stimulus sums, are added up. In
other words: The vectors drawn from the point of origin to the two points are added up in
a vector parallelogram. Therefore, every stimulas,dn the sense of the Grassmann
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Maxwell vectorial representation, be seen as a vector (see also Pilgrim op. cit.). In case of
proportional mixture of two stimuli (for example in case of disk mixture) the resulting
mixed stimuli are located on the straidime connecting the two stimulus points, their
distances from these are inversely proportional to their shares in the total stimulus.

Fig. 12. Perspective representation of the fAopt
with the horiontal coordinates Bluene¥®llowness, Greenne$®(H)edness and the vertical

coordinate brightness (top row), stimulus sum (upper row). The meridians of the lower row, with

angular difference of approximately 45°, correspond to the sections in the fgllBigirl 3.

Ostwal ddés full colors are projected onto the hor
cylinder touching the surface of the solid.
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Fig. 13. Four axial sections, corresponding to meridians separated by 45°, through the optimal
object color solid of Fig. 12 bottom in brightness units with a common plaite axis and

common dual symmetry centér The sections correspond to the hues GegeR(H)edy, (top

left); Orangeys - GreenBluesg (top right); Yellows;s1 Bluesso (bottom left) and Yellow

Greeny; 1 PurpleVioletsy7 (bottom right). Determination (top left) of saturation

and the amount of spectral stimufus k in the total brightnesgi Smof

the emerald stimulus. Determination of the erdadesamulusSmby darkening of its optimal color

Osm Representation (top right) of the optimal object colors shown in Fig. 9 with full lines.
Representation (bottom right) of Ostwaldds tr
full color)andoft he col ors missing in Ostwaldds system
right) of the totality of the stimuli complementary to stimufu€Exceptional status of yellow

object colors.

[Weiss: white, Vollfarbe: full color, Kompl. zu F: complemenio

i ac
(F

16. Every axial section contains the totality of all object color stimuli of two
complementary hues. Figure 13 shows four such sections through the solid (in brightness
units). In all four sections the mybint of the blackwhite axisZ is the binomiacenter

of symmetry because two optimal colors that together fill the complete spectrum have
identical but opposite color moments, thereby being symmetrical in regard to the center
point.

The null point of the coordinate courit,t he A bl aicdoregpandsna , 0
infinitely narrow wavelength ranges. Widening of the section results in increases in color
moment and brightness in the same sense (see Orange aneBGieesactions) until the
col or mo me nt reaches a maxi mum (VaFurthethe poi n
widening results in a complete spectrum being permitted toipasshe white point
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